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Abstract. The supersymmetric extension of teleparallel gravity is discussed. It is found that teleparallel
supergravity is equivalent to the usual supergravity when the vierbein, the gravitino field and the connection
are not identified with the component of the gauge potential, but are obtained taking the limit m — 0 in
(81), (83) and (84) of P. Salgado, S. del Campo, M. Cataldo, Phys. Rev. D 68, 024021 (2003). It is also
shown that the successful formalism of Grignani-Nardelli permits one to obtain teleparallel-supergravity
in (24 1) dimensions from (3 4 1)-dimensional teleparallel supergravity.

PACS. 04.65.4+€

1 Introduction

Teleparallel gravity is a gauge theory for the translation
group [1] whose generators satisfy the Lie algebra

[P4, Pg] = 0. (1)
The Yang—Mills connection for this group is given by
A=e"Py, (2)

where the e? are the corresponding gauge field.
The exterior covariant derivative is then given by

D¢ = (d+ A)¢ = (d+ ¢* Pa)o, (3)

i.e.
D,¢ = (0, + eﬁPA)QS = (55 + 6;?)8A¢

= (Ouz +€}) 040 = €040, (4)

where the e define a new tetrad which is invariant un-
der translations.
The torsion 2-form is given by

T4 = de?, (5)

which in terms of the so called contorsion tensor K45 takes
the form [2]

T4 = K4ec. (6)
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The (3 + 1)-dimensional action for teleparallel gravity
given by (49) of [3], can then be written in the form

Stel = — /MBCfoff(LBECgD, (7)

where ¢4 is given by [3,4]
et = Dot = da? + &4, (8)

which is a gauge invariant. In fact, since under translations
x4 and the gauge potential e?* change as
ozt = —p*;  det =dp*, 9)

we have
6et = 0. (10)
Using the identity De apcp = 0 it is possible to show
that the action (7) can be written, up to a boundary term,

as

(11)

From (10) we can see that the action (11) is invariant
under local translations and by construction it is invariant
under local Lorentz rotations and under diffeomorphisms.
This means that the action (11) is genuinely invariant un-
der the Poincaré group and under diffeomorphisms. In the
FEinstein—Hilbert action, the tetrad is given by the gauge
potential e” while in teleparallel gravity the tetrad is de-
fined as in (8). A consequence of this situation is that the
action for teleparallel gravity is genuinely invariant under
the Poincaré group and under diffeomorphisms whereas the
Einstein—Hilbert action is invariant only under the Lorentz
group and under diffeomorphisms. This means that the

STel = */6ABCDKABTC'€VD-
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actions for teleparallel gravity and the Einstein—Hilbert
action are not fully equivalent.

The purpose of this paper is to find a supersymmetric ex-
tension of teleparallel gravity and to show that teleparallel
supergravity is equivalent to the usual supergravity when
the vierbein, the gravitino field and the spin connection are
not identified with the component of the gauge potential,
but when they are obtained taking the limit m — 0in (81),
(83) and (84) of [5] (see also [6]).

2 Supergravity

D =3+ 1, N = 1 supergravity is based on the super-
Poincaré algebra [7],

[Pa, Pp] =0, (12)

[JaB, Pc] = nacPs — necPc, (13)

[JaB, Jcp) = nacIsp — NecJap + NepJac — napJac,

(14)
a 1 a 3
[JaB, Q"] = 3 (vaB) Q" (15)
[Pa,Qp] =0, (16)
1 a

[Q, Q8] = 5 (+4); Pa- (17)

The connection for this group is given by

1 _

A=etPy+ §WABJAB + Qv (18)

whose components, the vierbein e4, the spin connection
wAB and the Rarita-Schwinger field ¢ transform under

Poincaré translations as

se = Dpt, dwAB =0, sY=0, (19)

and under Lorentz rotations as

1
(56A _ ﬁ‘éeB, 5wAB _ 7DI€AB, 5¢ _ EHAB"YABQZJ-
(20)
Finally, under supersymmetry they transform as
1
SeA = §§7A1/), dwAP =0, 6 =De. (21

The generalized Weyl lemma,

17

1-

A A A A A

De,, = Oye,, —wBueB — Zwlﬂ U, — Fﬁue/\ =0, (22)
implies that the so called supertorsion is given by

. 1-
TA = T4~ “doyiy,

Supergravity is the theory of the gravitational field e
interacting with a spin 3/2 Rarita Schwinger field ¢ [8].

In the simplest case there is just one spin 3/2 Majorana
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fermion, usually called the gravitino. The theory is de-
scribed by the action

S = /EABCDeAeBRCD + dpysetyaDy, (23)
which is invariant under diffeomorphisms, under local

Lorentz rotations, but it is not invariant under Poincaré
translations. In fact, under local Poincaré translations,

0S8 = Q/EABCDRABTCPD + surf. term. (24)

The invariance of this action requires the vanishing of
the supertorsion:

T =0. (25)

The same condition is necessary for the invariance of the ac-
tion under a supersymmetry transformation. This implies
that the connection is no longer an independent variable.
Rather, its variation is given in terms of de” and §1 and
differs from the one dictated by group theory [5].

The condition 74 = 0 leads to wAP = wAB (e, ¢) which
implies that the connection is no longer an independent
variable, and its variation ¢ (¢) wAB is given in terms of
5 (¢) e and § (¢ ) 9, which implies that, without the aux-
iliary fields, the gauge algebra does not close, as (10) of [7]
shows. Therefore the condition 7 = 0 not only breakslocal
Poincaré invariance, but also the supersymmetry transfor-
mations.

3 Teleparallel supergravity

The action for teleparallel gravity has been constructed
from a tetrad given by ¢4 = Da4 = dz?+e4, which can be
understood as the tetrad corresponding to the tetrad used
in the construction of an action for gravity invariant under
the Poincaré group [9]. This tetrad can be obtained taking
the Poincaré limit of the AdS non-linear gauge potential
given in (3.19) of [10]. This fact suggests that an action
for teleparallel supergravity could be constructed from a
vierbein and a gravitino field which corresponds to the
vierbein, the gravitino field and the spin connection used
in the construction of a supergravity invariant under the
supersymmetric extension of the Poincaré group, which
was obtained taking the limit m — 0 in (81), (83) and (84)
of [5].

The corresponding Yang—Mills connection is given by

A=e¢4P,+0Q,
where [5]
e =dat + et +1 (20 + DO) 119,
W = + DO,

with DO = df + %K“b%be.
Since 24, e4, 1, and @ transform, under translation, as

st = —pA,  def = dp?,
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o =0, d0=0,
and under local supersymmetry transformations as

det = —2iey,
00 = —¢,

oz = —iznA0,

01y = De,

we see that the action for teleparallel supergravity,
Smcz—/awajfﬂwé%D—@awﬂwﬁk@m
or also
Stsa = — /EABCDf(ABTCgD — ATy5v4DWEP

+ surface term,

is invariant under local translations, under local super-
symmetry transformations and by construction is invariant
under local Lorentz rotations and under diffeomorphisms.
This means that the action (26) is genuinely invariant under
the Poincaré supergroup and under diffeomorphisms.

4 Dimensional reduction

The dimensional reduction process, as well as the notation,
is similar to that used in [11,12]. Latin indices a, b, ¢, ... =
0,1,2 and capital latin indices A, B,C,... = 0,1,2,3 de-
note (2+1) and (3+1) internal (gauge) indices, respectively.
They are raised and lowered by the Minkowski metrics

-100
010]),
001

Nab = (27)

and

-1000
0100
0010
0001

Nap = (28)

In the dimensional reduction the first three values of
A, B, C,...will denote the corresponding (2 + 1) internal
indices a, b, ¢c,...,i.e. A= (a,3),B=(b,3),C = (¢,3),...
We shall use the antisymmetric symbol eAPCP with £9123 =
1 and in (2 + 1) dimensions 2% = £3¢3 50 that €012 = 1.

Following the procedure of [11] we carried out a dimen-
sional reduction of the Poincaré generators of the (3 4 1)-
dimensional theory and, correspondingly, of the space-time
dimensions that, from the (3 + 1)-dimensional action (26)
and the algebra (12)—(17), lead to the (2 + 1)-dimensional
action. With such reductions from the (3+1) gauge trans-
formations (19), (20) and (21), we shall obtain the corre-
sponding gauge transformations in (2 + 1) dimensions.

The dimensional reduction leading from the (3 4 1)-
dimensional supergravity theory to the (2 4+ 1)-Chern—
Simons supergravity theory is given in Table 1 [11].
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Table 1. The dimensional reduction leading from the (3 + 1)-
dimensional supergravity theory to the (2 4 1)-Chern—Simons
supergravity theory

Dimensional reduction

3+ 1) dimensions (2 + 1) dimensions

e’ daz®
e? e
Kab Kab
K3 0
¢ z°
x> 0

p* P’
P’ 0

(0 »
,Ya,bc ,Yabc
7° 0

Here the 4" with multiple indices are antisymmetrized
products of gamma matrices, which for d dimensions satisfy
the relation [13]

,}/ilig...ik — agilizn.idfyik+1___id’yd+1, (29)
with
1 (71)%k(k71)+%d(d71).

(d—F)

It is straightforward to verify that the (3 + 1)-gauge
transformations (19), (20) and (21), with the identifications
of Table 1 of dimensional reduction are mapped onto

(30)

0x® = —p°, de® =dp®, 660 =0, oy =0, (31)
0x® = —igy?0, de = =2iey*), 90 = —e, Y = De,
(32)
i.e., onto the correct (2 + 1)-dimensional gauge transforma-
tions. In particular, the quantities that are set to a constant
in Table 1 consistently have vanishing gauge transforma-
tions. In the same way we have

RAB _ Kab Ka3 _ Kab 0
K30 K33 00/’

A (’é‘l) _ (ea +dx® +1(2¢ + DG)’yax) N

(33)

& dxz3
W = 4 + DO (35)
From (29) we see that, for d =4 and k = 3,
,_YABC _ —€ABCD’}/D’Y57 (36)

which allows one to write the action for (3 + 1)-dimensional
teleparallel supergravity in the form

STSG = —/EABCDI?SI?LBECgD - 4@75’ydD!l7€D,
(37)
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~ o~ 1 —
s = / eABCD (Kg‘KLBgch - 3'!Z/7ABC€DD!I/) .

By substituting the content of Table 1 of dimensional re-
duction and (33) and (34) into the action (37) one gets

~ o~ 4 o
Stsq = — / (25abc3KlaK e ?),sabcﬂy“bcmf) dz?.

(38)
Using (34) and (35) and the identity v, = —i€apeyc we
find that the first term is

2eqpe KK 'E°
= 20 KEKE + 26, (df{“b - f{ﬁfdb) Da*
4 (df(ﬂb - f(;f(“’) Drapl)
2 (df(“b - f(;lf(lb) (D8)yapf. (39)
Using (29), y2%¢ = —£%¢] and the identities

1/ ~ -~
DDO = 3 (dK“b - KﬁK”’) ab),

Ovapth = —Vyasb,

we find that the second term can be written as

4 17 ~abc
gé‘abc?’W’}/ b Dy

= S as T DY + 4D(EDY)
—4 (df{“b - f{ﬂf{lb) Dyl
—2(DB) (df(“b - f(;lf{lb) af. (40)
By substituting (39) and (40) in (38) we obtain
S = /{2€abcl~(laf?lbec - %sabcﬂwabch/J (41)
+2e0pe (df(ab - f(ﬁf(”’) Da® + 4D(0Dw)}.
Using the Bianchi identity
D (df(ab - I?ﬁf?lb) — 0,

Eapec®® = —3! and (29) with d = 3 and k = 3, we find that
the action for (2 + 1)- supergravity is given by

P. Salgado et al.: A note about teleparallel supergravity

94y §3D — _ /Eabcf(l“f{lbec + 49D + surface term.

(42)
This result proves that the dimensional reduction from
(3 + 1)-dimensional teleparallel supergravity to (2 + 1)
teleparallel supergravity is possible.

5 Comments

We have found a supersymmetric extension for teleparallel
gravity and we have shown that teleparallel supergravity is
equivalent to the usual supergravity when the vierbein, the
gravitino field and the spin connection are not identified
with the component of the gauge potential, but obtained
taking the limit m — 0 in (81), (83) and (84) of [5].

We have also shown that the successful formalism pro-
posed in [11,12] permits one to obtain teleparallel super-
gravity in (2 + 1) dimensions from (3 + 1)-dimensional
teleparallel supergravity.
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